Abstract. In this paper, we compute categorical entropy of spherical twists. In particular, we prove that Gromov-Yomdin type conjecture holds for spherical twists. Moreover, we construct counterexamples of Gromov-Yomdin type conjecture for K3 surfaces modifying Fan's construction for even higher dimensional Calabi-Yau manifolds.
1. Intorduction
Motivation and Results.
A pair (X, f ) of a topological space X and a continuous self map f : X → X is called a topological dynamical system. The topological entropy h top (f ) of f is the fundamental invariant of a topological dynamical system (X, f ), that measures the complexity of topological dynamical systems. Recently, Dimitrov, Haiden, Katzarkov and Kontsevich [4] studied categorical dynamical systems. A categorical dynamical system (D, Φ) is a pair of a triangulated category D and an exact endofunctor Φ : D → D. They introduced the categorical entropy h t (Φ) of a categorical dynamical system (D, Φ) as a real-valued function on real numbers. We denote the special value h 0 by h cat . Regarding endomorphisms of algebraic varieties as topological dynamical systems, there are cross-disciplinary studies in the algebraic geometry and the complex dynamics [16] . In [19] , the author constructed examples of automorphisms of positive topological entropy on hyperKähler manifolds via autoequivalences of positive categorical entropy on derived categories of K3 surfaces. Then the hyperKähler manifolds are constructed as moduli spaces of stable objects on K3 surfaces [2] . Moreover, we compared their categorical and topological entropy. The case of abelian surfaces is studied in [21] . In the setting of algebraic geometry, we can compute topological entropy by Gromov-Yomdin theorem. Theorem 1.1. ( [7] , [8] , [20] ) Let X be a smooth projective variety over C. For a surjective endomorphism f : X → X, we have h top (f ) = log ρ(f * | ⊕ dim X p=0 H p,p (X,Z) ). Here, ρ is the spectral radii of linear maps and we consider the analytic topology on X.
In the same setting, Kikuta and Takahashi proved the following theorem. Theorem 1.2. ( [15] ) Let X be a smooth projective variety over C. For a surjective endomorphism f : X → X, we have
In particular, h cat (Lf * ) = h top (f ) holds.
By Theorem 1.2, it looks like natural to expect the Gromov-Yomdin type conjecture. Conjecture 1.3. ( [15] ) Let X be a smooth projective variety over C. For an autoequivalence Φ ∈ Aut(D b (X)), we have
is the induced linear map on the numerical Grothendieck group K num (X) of X. Conjecture 1.3 is known to be true for smooth projective curves [12] , smooth projective varieties with the ample (anti)canonical line bundles [15] , abelian surfaces [21] . Moreover, it is also true for shifts functors [4] , automorphisms of varieties [15] and line bundle tensors [4] on any smooth projective varieties. Kikuta, Shiraishi and Takahashi [14] proved the lower bounds in Conjecture 1.3 on perfect derived categories of smooth proper dg algebras. In this paper, we compute categorical entropy of spherical twists. Theorem 1.4. Let D be the perfect derived category of a smooth proper dg algebra. Let T E be the spherical twist of a d-spherical object E ∈ D. For t ≤ 0, we have
In general, it is not known whether orthogonal complements of spherical objects are non-empty. In the appendix by Arend Bayer, we show that ⊥ E is not empty when E is a Gieseker-stable spherical sheaf on a K3 surface, or any spherical object in the derived category of a K3 surface of Picard number one. Corollary 1.5. Let X be a K3 surface of Picard number one. For a spherical object E ∈ D b (X) and t ∈ R, we have
On the derived categories of Calabi-Yau algebras associated with acyclic quivers, Ikeda [11] computed categorical entropy of spherical twists without the assumption in Theorem 1.4.
Recently, Fan [5] found counterexamples of Conjecture 1.3 on 2d-dimensional Calabi-Yau hypersurfaces for d ≥ 2. Modifying his proof, we construct counterexamples of Conjecture 1.3 for any K3 surfaces. Proposition 1.6. Let X be a K3 surface and H be a very ample line bundle on X with H 2 = 2d. Define the autoequivalence
In particular, we obtain the inequality h 0 (Φ) > log ρ(Φ H ).
It is interesting to study which autoequivalences satisfy Conjecture 1.3. In the last section, we remark that Conjecture 1.3 is true for automorphisms of smooth projective varieties over any algebraically closed fields. In the original proof of Theorem 1.2, they used Kodaira vanishing theorem. However, Fujita vanishing theorem [6] is enough in this situation. So we can generalize Theorem 1.2 for any algebraically closed fields.
1.2. Notation and Convention. All triangulated categories are linear over fields. For a smooth projective variety X, we use the following notation. For coherent sheaves E and F on X, we set
For a liner map f : V → V on a finite dimensional vector space over Q or R or C, the spectral radius ρ(f ) of f is the maximum of absolute values of complex eigenvalues of f .
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For a real number t ∈ R, we define the complexity δ t (G, E) of F with respect to E as follow:
The definition of categorical entropy is as follow.
For an exact Φ : D → D and a real number t ∈ R, we define the entropy of Φ as
This limit exists in the interval [−∞, ∞) and is independent to a choice of G and
There is another characterization of categorical entropy.
Definition 2.3. ([4])
Assume that D is Ext-finite. For objects E, F ∈ D and a real number t ∈ R, we set
For simplicity, we put δ ′ (E, F ) := δ ′ 0 (E, F ). We will use Theorem 2.4 in the proof of main results. 
At the end of this section, we recall the following facts.
Remark 2.5.
(1) Let D be the perfect derived category of a smooth proper dg algebra A. Then A ∈ D is a split generator. ( [13] ) (2) Let X be a smooth projective variety over a field k. Let O X (1) be a very ample line bundle on X.
2.2. Mukai lattices of K3 surfaces. In this subsection, we recall the relation between numerical Grothendieck groups and algebraic Mukai lattices of K3 surfaces. Let X be a K3 surface.
Definition 2.6. We define the algebraic Mukai lattice H 1,1 (X, Z) of X as follow.
The lattice structure is defined by
induces the isometry between (K num (X), −χ) and (
, there is the following diagram.
In particular, we have ρ(Φ H ) = ρ([Φ]).
Computation of entropy of spherical twists
Let D be a perfect derived category of a smooth proper dg algebra. Take a split generator G ∈ D. For a d-spherical object E ∈ D, the spherical twist functor T E fits into the following exact triangle.
Proof. Let G, G ′ ∈ D be split generators. Using the exact triangle with respect to the spherical twist, we have
Here, note that
Fix t ∈ R. Then we have
Here, we put f n (t) := max{1, e (n(1−d)+d)t }. We assume that d ≥ 2 and t ≤ 0. Due to f n (t) = e (n(1−d)+d)t , we have
Since G ⊕ E is a split generator of D,
Hence, we obtain h t (T E ) = (1 − d)t. If d = 1, then we have h t (T E ) ≤ 0. Note that T E (E) = E and put A := E. If d ≥ 2, t > 0, then we have f n (t) = 1. So we obtain
If we assume that ⊥ E = ∅, we can take A ∈ ⊥ E and note that T E (A) = A. Since G ⊕ A is a split generator of D,
Hence, we obtain h t (T E ) = 0.
We can immediately give examples of spherical objects satisfying the assumption in Theorem 3.1; see Proposition A.1 for more cases.
Example 3.2. Let X be a K3 surface with a spherical vector bundle E of rank r ≥ 2. Then there is a vector bundle A such that End(E, E) = A ⊕ O X . Then we have RHom(O X , A) = 0 i.e. A ∈ ⊥ O X .
Example 3.3. Let X be a smooth projective surface. For a (−2) curve C on X, the structure sheaf
Counterexample of Gromov-Yomdin type conjecture for K3 surfaces
In this section, we give counterexamples of Gromov-Yomdin type conjecture (Conjecture 1.3) for K3 surfaces. Let X be a K3 surface and O X (1) be a very ample line bundle on X. We set H := c 1 (O X (1)) snd 2d := H 2 . We take two split generators
. Moreover, we get the isomorphism
Proof. We prove it by induction on n. Consider the canonical exact triangle.
Applying ⊗O X (−k) and RHom(O X , −), we get the exact triangle
by Kodaira vanishing theorem. Due to induction hypothesis, we get the desired results by taking the long exact sequence and Serre duality.
Proof. By Lemma 4.1, there is the isomorphism
Hence, we get
by Kodaira vanishing and Riemann-Roch formula.
Proposition 4.3.
We have
) and Lemma 4.2, we have
We compute the spectral radius ρ(Φ H ). Consider the sublattice
Computing eigenvalues of it, we have
Categorical entropy of surjective endomorphisms over algebraically closed field
In this section, we generalize Kikuta and Takahashi's result (Theorem 1.2) to any algebraically closed fields. Let X be a smooth projective variety over an algebraically closed field k. Let f : X → X be a surjective endomorphism of X. We recall Fujita vanishing theorem.
Theorem 5.1. ( [6] ) Let H be an ample divisor on X. For a coherent sheaf E on X, there is an integer m(E, H) such that we have
for all i > 0, m ≥ m(E, H) and any nef divisor D on X.
Theorem 5.2. Consider the derived pullback
Proof. By the result of [14] , we have h cat (Lf
. Note that we can take a very ample divisor H on X such that m(O X , H) = 1 . Then we consider the split generators G :
Appendix A. Complement of spherical objects on K3 surfaces by Arend Bayer
In this appendix, we prove that the complement of a spherical object on a K3 surface X is non-empty whenever that spherical object can be made stable for some stability condition on D b (X), in particular for all spherical objects on K3 surfaces of Picard rank one. This partially answers a question by Daniel Huybrechts [10, Chapter 16] , and shows that Theorem 3.1 applies in a large number of cases. Our proof is based on Bridgeland stability conditions as constructed in [3] and wallcrossing in particular the analysis of divisorial contractions of Brill-Noether divisors in [2] .
Throughout this appendix, we let X be a smooth complex K3 surface. We denote by Stab † (X) the connected component of the space of stability conditions constructed in [3] . Proposition A.1. Let X be a K3 surface, and let E be a spherical object that is σ-stable for some stability condition σ = (Z, P) in the distinguished connected component Stab † (X). Then the orthogonal complent
Note that by [3, Proposition 14.2] , this applies to every vector bundle that is Gieseker-stable for some polarization. Moreover, it applies to all spherical objects for generic K3s:
Corollary A.2. Assume that the K3 surface X has Picard rank one. Then every spherical object E ∈ D b (X) has non-trivial orthogonal complement.
Proof. By [1, Corollary 6.9] , there exists a stability condition σ ∈ Stab † (X) for which E is σ-stable.
A.1. Proof. The Picard rank of X is denoted by ρ. Recall from Section 2 that we write K num (X) ∼ = H 1,1 (X, Z) for the numerical K-group of X , which is a lattice of signature (2, ρ); for E ∈ D b (X), we write v(E) for its Mukai vector. The central charge Z of a stability condition σ = (Z, P) ∈ Stab † (X) is a group homomorphism Z : K num (X) → R; we write KerZ ⊂ K num (X) ⊗ R for its kernel. By [3, Theorem 1.1], KerZ is negative definite with respect to the Mukai pairing. We write s := v(E) for the Mukai vector of a given spherical object E. 2 is a square iff the rank two lattice v, s contains a vector of square zero.
Proof. Consider an integral class v ∈ s ⊥ + , and assume that 2v 2 is a square. Let u ∈ s ⊥ ∩ v ⊥ be any integral class orthogonal to both s and v.
2 is not a square for N ≫ 0, and
Proof of Proposition A.1. Recall that stability of E is an open property, i.e. it is preserved by small deformations of σ [3, Proposition 9.3]. Consider the subspace K = KerZ, s ⊂ K num (X) spanned by s and the kernel of Z; equivalently, v ∈ K if and only if Z(v) is proportional to Z(s). Since KerZ has signature (0, ρ) and K num (X) has signature (2, ρ), the space K must have signature (1, ρ), and s ⊥ ∩ K has signature (1, ρ − 1). Thus, there is a class v ∈ s ⊥ ⊗ R with v 2 > 0 and Z(v) proportional to Z(s). By Lemma A.3, we can deform σ slightly and assume that v is integral and primitive, and such that 2v 2 is not a square; by opennnes of stability, E is still σ-stable. Replacing v by −v if necessary, we may also assume that Z(v) and Z(s) lies on the same ray.
The claim now comes from the analysis of the wall-crossing of σ-stable objects of class v in [2] . To this end, let σ + = (Z + , P + ) be a stability condition nearby σ, such that the phase of Z + (v) is smaller than the phase of Z + (s). Let M σ+ (v) be the coarse moduli space of σ + -stable objects of Mukai vector v The stability condition σ lies on a wall W for M σ+ (v), corresponding to the lattice H W = s, v in the sense of [2, Proposition 5.1]: this means that for a generic stability condition on the wall W, the integral classes in H W are the only integral classes sent to a complex number proportional to Z(v).
By construction, H W does not contain an isotropic class w with w 2 = 0. Therefore, we can apply [2, Proposition 7.1]; note that s is effective in the terminology used [ibid.], as Z(s) and Z(v) lie on the same ray in the complex plane, see [2, Proposition 5.5] . Now [2, Proposition 7.1] says that the moduli space M σ+ (v) contains divisor characterized by the property Hom( , E) = 0. (This is the divisor contracted by the wall-crossing associated to the wall W.) In particular, any object F in the complement of this divisor satisfies Hom(F, E) = 0. It also satisfies Hom(E, F ) = 0 = Ext 2 (F, E) by stability. Since E and F are in the same heart of a K3 category, they also satisfy Ext <0 (F, E) = 0 = Ext >2 (F, E) = Ext <0 (E, F ). Finally, since H i (F, E) = (v, s) = 0, we must also have Ext 1 (F, E) = 0, and therefore F ∈ ⊥ E. 
